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S U M M A R Y 
After a short in t roduc t ion the possibilities a n d l imitat ions of polynomia l simple elements with C ' cont inu i ty 
are discussed with reference to plate bending analysis. A family of this kind of e lements is presented. These 
elements are applied to simple cases in order to assess their c o m p u t a t i o n a l efficiency. Finally some 
conclusions are shown, and fu ture research is also p roposed . 
I N T R O D U C T I O N 
The application of the finite element method (F-E-M) to the analysis of Kirchhoff plate bending 
demands the continui ty in the first derivative of the expansion of the deflection w. The reader 
is referred to Zienckiewicz's excellent book 1 for details. 
The types of elements which satisfy this condi t ion are referred to in the l i terature as conforming 
or compatible elements. However, it has been shown in References 2 and 3, that it is occasionally 
possible to obtain highly efficient converging results (with respect to the energy form) with non-
conformingelements. This convergence, which in such cases may not be monotonic , may depend on 
the mesh configurat ion of finite elements, i.e. in some examples there may not be convergence. 
Irons4 thus proposed his well-known patch test, that works for all 'noil pathological" s i tuat ions.5 
For bending compat ible finite elements two impor tan t aspects of convergence —monotony and 
mesh independence— can be ensured without further tests, which in some cases are of practical and 
theoretical interest. However, the task of construct ing conforming bending elements is not an easy 
one. In fact it is not possible to achieve C 1 conformity in simple elements by using polynomial 
expressions with unique expressions in their interior.6 The several techniques developed up to this 
dale for obta ining compat ible elements 7 10 can be divided into two types, those considering 
C ' compatibili ty and those avoiding it. 
With C" there is no problem with the value of the second mixed derivative (tvvv) at the corners. 
The second mixed derivative (vvt,,) at the corners of the elements can be a funct ion of other 
degrees of freedom (slave d.o.f.), or itself ano the r degree of f reedom (master d.o.f) . If the first 
case is considered, and only first derivatives are taken as master d.o.f.s at the corners, there are 
two possibilities to consider: (1) rat ional correcting funct ions and (2) division of the elements 
into areas (Figure 1). 
Among the four types of solution shown in Figure 1, this paper deals with piecewise 
functions which, in addit ion to the general advantages of the F E M , provide a unified solution, 
easy changes of mesh (/i-convergence), easy to impose bounda ry condi t ions and a symmetr ic 
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Figure I. Techniques lor ob ta in ing compa t ib le e lements 
banded matrix — and with C 1 elements about which, in addi t ion to the advantages m o n o t o n o u s 
convergence and mesh independence it must be said that 
1. The numerical integration can be very accura te because it is used in polynomials . 
2. The extension to shells has no problems, so that the elements used are simple.1 1 
A general procedure is proposed to construct the shape functions, so that an element family is 
achieved. In this way by varying the in terpola t ion funct ions with the same mesh (he accuracy is 
improved (^-convergence) . 
In the following a hierarchic family of C 1 elements based on the appl icat ion of piecewisc 
polynomials will be described. These piecewise polynomials were first used by Clough and 
T o c h e r ' 2 in t r iangular elements, and extended later to paral le lograms by Clough and Felippa.1 J 
Triangular elements have also been used by Clough and Fel ippa . 1 3 
H I E R A R C H I C F A M I L Y 
Introductory example 
In order to grasp the main features of the family of t r iangular finite elements, the member 
corresponding to the polynomial order N = 5 will be considered. 
The tr iangular element is divided into ano the r three as is shown in Figure 2, where for simplicity 
'13' is the centre of gravity. In each of these subelements a complete polynomial in terpola t ion 
function of degree 5 is built (Figure 2). 
The number of degrees of f reedom (d.o.f.) and their distr ibution a long external and internal 
sides will be discussed. In each subclement 21 d.o.f. exist, cor responding to the n u m b e r of 
polynomial coefficients. Along its external side the C" continui ty is ensured by 6 d.o.f. and the 
C 1 continuity (first derivative in the normal direction to the side) d e m a n d s 5 d.o.f. At each 
external corner there are only 3 d.o.f., namely vv, dw/r.x, cw/d\\ because the element is simple. 
3 dof w, w x , w y 
^ I 1 I Sube lement 1 
• J 3 dof w , w„ , W s 
| # | 5 dof w, wg , w s s 
w n . w n s 
Figure 2. T wo possible d i s t r i bu t ions of d.o.f. a l o n g the external sides of the 5th degree e lement 
This means that 2d.o.f. (w, />w/f*s) and I d.o.f. (<Hv/«Vi) can be taken into account in the C° and 
C1 continuity, respectively, along the external side. Then along this side, 2 ( = 6 — 2 x 2) d.o.f. 
and 3 ( = 5 — 2 x 1) d.o.f. for C° and C 1 continuity have to be considered (Figures 3(b), (c)), i.e. 
a total of 5 d.o.f. and therefore only 10 ( = 21 — 5 x 3) internal d.o.f. remain (Figure 2). 
It is interesting to point out that several possibilities exist for placing the 5 ( = 2 + 3) d.o.f. 
along the external side. All of them represent the same complete polynomial a long the side and 
give identical approx imat ion levels.14 One corresponds to using only first derivatives a long 
the side and is shown in Figure 2(a). Another possibility, perhaps the most simple one, is to 
concentrate all the 5 ( = 2 + 3) d.o.f. at the midside node (Figure 2(b)). 
A similar reasoning to the previous one allows us to concentra te the 10 remaining internal d.o.f. 
namely vv, dw/dx, i)w/dy, d2w/dx2,...,d3w/dy3 (Figure 2) at the node 0. Then thecont inui ty a long 
each internal side will be analysed. First, C° continui ty demands 6 d.o.f., but already at its two end 
nodes 6d.o.f. = 2 d.o.f. (w, dw/ds) + 4 d.o.f. (w, cw/ds, d2w/ds2, d3w/ds3) exist (Figure 3(d)). This in-
ternal C° continuity always exists (Figure 4(a)). For the C 1 cont inui ty 5 d.o.f. are needed. At the two 
end nodes there are 4 d.o.f. = 1 d.o.f. (dw/dn) + 3 d.o.f. (dw/dn , d2w/dn ds, d2w/dn d2s), (Figure 3). 
Therefore, in general, C internal continuity does not exist. However it is possible to choose the 
internal d.o.f. at node '0' in such a way that this C 1 cont inui ty exists. This means that 3 condi t ions 
(one for each internal side) should be imposed, or equally 3 d.o.f. should be expressed in terms of the 
remaining 7, and those of the external nodes, and then eliminated at the shape funct ion level 
(Figure 4(b)). This step was first made analytically, but the expression became so complicated that 
it was decided to use a numerical procedure. 
The element stiffness matrix is obtained by the addi t ion of the subelement stiffness matrices. 
Afterwards it is possible to eliminate all the remaining 7 internal d.o.f. by static condensat ion of the 
element stiffness matrix (Figure 4(c)). 
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F i g u r e 3. C o n t i n u i t y a l o n g e x t e r n a l a n d i n t e r n a l s ides: lb) w - - d e f l e c t i o n at t h e n o d e s — 4 coe f f i c i en t s (d.o.f.); 2 s ide d.o.f. 
a r e n e e d e d ; (c) w y - n o r m a l d e r i v a t i v e a t t he n o d e s - 2 coef f i c ien t s (d.o.f.) 3 s ide d.o.f . a r e n e e d e d ; (d) w - d e f l e c t i o n 
at t he n o d e s - 4 + 2 = 6 coef f i c ien t s (d.o.f.); n o s ide d.o.f . a r e n e e d e d ; (e) w„ n o r m a l d e r i v a t i v e a t t h e n o d e s 3 + 1 = 4 
coe f f i c i en t s (d.o.f.); 1 s ide d.o.f. is n e e d e d 
It is impor tan t to point ou t the fact that it is not possible to el iminate more than 3 internal d.o.f. 
at the shape funct ion level by imposing C2 or higher order of cont inui ty a long the internal sides.1 5 
This is because the element is simple and internal C2 cont inui ty produces the p rob lem of the 
dependence a m o n g the d.o.f. owing to the unique value of d2wjds <In = d2w/iln ds at each vertex of 
the triangle. 
(a) (b) (c) 
f i g u r e 4. Der iva t ions of the 5th degree e lement of the family: (a) e lement with internal con t inu i ty t " only 34d.o.f . ; 
(b) internal d.o.f. e l imina ted at s h a p e func t ion level: in ternal C 1 con t inu i ty 31 d.o.f., (c) in te rna l d.o.f. e l imina ted by 
s tat ic c o n d e n s a t i o n : in ternal C 1 con t inu i ty 24 d.o.f. 
Q 3 dof w , wx , w y 
s (2 N - 5) dof w, Wg , w 5 2 W S N - 1 
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S( N-1 ) do f w , w 
f igure 5. A general c lement N of the family with in ternal C" con t inu i ty only 
Number and distribution of d.o.f. subeleinent interpolation function 
The above ideas can be extended to a general member of the family of elements. The t r iangular 
element is divided into ano the r three, as is depicted in Figure 5. In each of those subelcments is built 
a complete polynomial interpolat ion funct ion of degree N. 
The number of d.o.f. and their dis t r ibut ion a long external and internal sides will be discussed. 
The total number of d.o.f. in an Nth degree polynomial of two variables is 
(N + l )(/V + 2) 
S(N+\)= - (l) 
where S(N) is the sum of the first N na tura l numbers . 
First, a long an external side the C 1 compat ib i l i ty—in vv and w„—implies the results of Table I. 
For a polynomial of fifth degree this is explained in Figures 3(b) and 3(c). 
The d.o.f. used at the central node of the external side are shown in Figure 6. 
As the number of d.o.f. in the middle of an external side is 2N-5 (Table I) the internal d.o.f. 
number will be 
S(N + 1) — 2 x 3 — (2/V — 5) = S(N — 1) 
The continuity along an internal side is shown in Table II. One prescript ion of compatibi l i ty is 
imposed in order to obtain continui ty in the normal derivative (vv,,) Figure 3(e). 
The condit ion used here is to match the normal derivative between subelements in the middle of 
the internal sides, that is 
wl"(6) = - m'!,(5) 
wL(6)=-M-::(5) (2) 
w:,'(6)= - < ( 5 ) 
where superscripts refer to the subelements and the numbers in brackets to the nodes indicated in 
Figure 7. 
These prescriptions could be imposed at o ther points and there could be more with polynomials 
of a higher degree than three. It has been p r o v e d 1 5 that it is not possible to enforce more than three 
condit ions between subelements. In this family of finite elements the 3 d.o.f. at the centre of gravity, 
chosen to be dependent , arc vv, dw/cx, dw/dy. 
Table I. D .O.F . d is t r ibut ion on an external side 
A B A + B 
Func t ion vv(degree N) w„(degree N — I) \v + w„ 
D.O.F . for C cont inui ty N + 1 N IN + 1 
II Corne r d.o.f. 2 x 2 2 x 1 6 
111 = 1 — II side d.o.f. excluding the corners iV — 3 N — 2 2N — 5 
w n s ( N - 4 ) 
f i g u r e 6. C o n t i n u i t y a long an external side: (a) d.o.f. — 2 + 2 + /V - 4 + I = N + 1; n u m b e r of c o n s t a n t s in a p o l y n o m i a l 
of (Vth o rde r = N + 1; (b) d.o.f. = iV; n u m b e r of c o n s t a n t s in a p o l y n o m i a l of ( N - - l ) t h o r d e r = / V ; d.o.f. a t a 
node = ( N - 4 + 1) + (N - 3 + 1) = 2N - 5; d.o.f. a t the cent re of gravi ty = S(N + 1 ) - - 2 x 3 - (2JV - 5) = S(N - 1) 
Table II. D .O.F . d is t r ibut ion in an internal side 
II 
III 
IV = 11 + I I I 
Func t i on 
D .O.F . for C 1 cont inui ty 
D.O.F'. at an external corner 
D.O.F". at the centre of gravity, 
S ( N - 1) 
D.O.F". on an internal side 
A B A + B 
w(degrec N) vv„(degree N — 1) vv + wn 
N + 1 
2 
N - 1 
N+ I 
N 
N-2 
N-
2 N + 1 
3 
2 N - 3 
2 N 
Figure 7. In te rna l con t inu i ty C 1 
Analytical expression 
As in a general F - E - M procedure, the general in terpola t ion funct ion is for each subelement. 
w(i) = La'" (3) 
where i means the number of the subelement, L is a vector of S(N + 1) componen t s L\, L j , LC3(L; are 
baricentric co-ordinates; see Figure 8 for N = 4), a is a vector of S(N + 1) cons tants aabc. 
If d are the d.o.f. (w and its derivatives) it can be obta ined f rom (3) that 
d(0 = C(i)a(0 
and hence that 
a<>) = c ( i'd ( i ) 
Then the interpolat ion funct ion expression is 
S ( N + 1) 
w(i) = LC(,)d(1) = <|>d(i) = X 
j= i 
(4) 
(5) 
(6a) 
F"rom the vectors of d.o.f. of each subelement, d(1), ano the r vector d* including all of them 
w ( 3 ) 
w „ ( 3 ) w (3 ) 
w(4) w n(4) 
»n <4) 
4 0 0 
L - L 2 3 
L° L 2 2 3 
L 3 L° 2 3 
2 1 
L 2 L 3 
1 2 
L2 L3 
0 3 
L 2 L 3 
^ 
L° L 4 2 3 
W ( 1 ) 
», ( 1 ) 
Wy ( 1 ) 
w ( 2 ) 
wx ( 2 ) 
wy ( 2 ) 
w ( 3 ) > 
wx ( 3 ) 
wy ( 3 ) 
w ( 4 ) 
wn ( 4 ) 
w„ ( 4 ) 
Figure 8. Bar ieent r ic i n t e rpo l a t i on coelTicients for N = 4. Vectors I> a n d d ( " 
(dU), d(2>, d , 3 )) is formed, taking into account the fact that some d.o.f. are the same in different 
subelemcnts. It is possible to divide d* into two vectors (d^.d^)1, so that d* conta ins the 
linearly dependent d.o.f. and df the independent , after imposing C 1 continuity. 
Equat ion (6a) now has ano ther form: 
= LC( i)d( i) = l^Cg',C ( i ,)(dS,df )T = <|>(i)*d* = £ <l>(i)*Jdj w 
where 
M = 3(3 + 2N — 5) + S{N — 1) 
and the equat ion system (2) can be expressed as 
c|)*3)*(6)d*= — ct»:/ »*f5)d* 
W>*(6)A* = -cj>!,2'*(5)d* 
<j)'„2)*(6)d* = -<M,3)*(5)d* 
where 
w„ = tJ>JI')* d* 
and hence 
Hodg + H 1 d * = 0 
d* = - H o ^ H . d f ^ H d * 
(6b) 
j= i 
(V) 
so that (6b) bccomes 
vv<0 = Ltqj'C'/'MHdf ,d?)T = L(C<;>H +- C'ftdf = LCdf = $<''»df ( 9 ) 
The shape funct ion <j>' cor responding to the displacement w at node 3 in a subelement for several 
degrees of polynomials is given in Figure 9. 
F i g u r e 9. D e f l e c t i o n s h a p e f u n c t i o n <pM a t n o d e 3 of a s u b e l e m e n t 
In Figure 10 the first three elements of the family are depicted. 
Element stiffness matrix, static condensation and structural assembly 
Using the plate governing equat ions and equa t ions (9) the element stiffness matrix and 
equivalent forces are obtained. Owing to the fact that the internal node is not needed, the d.o.f. tha t 
are there can be eliminated by static condensat ion . 
Afterwards the element stiffness matrices are added to generate the total stiffness matrix for the 
plate s t ructure and in a similar way the complete equivalent force vector 
P = Kd (10) 
where 
K = I i = 1 
(B')TDB'd/ l 
' 1 I J J A 
P = X i UB')TD£ ; ) + (v|//)Tb + (vl»i)TPid/1i + (v|/'1) Ps d.s ( I I ) 
N = 3 
n 1 = 15 
n„ = 12 
N = 4 
a, = 21 
N = 5 
n , = 3 4 
n „ = 3 1 
o 
(<Q)) 
I 
A 
• 
W , , wy 
w > w x i w x x > W « , > W y y 
w n w n s / w 
w„ w „ « , / w wc 
n 5 s b 
dof n u m b e r w i t h o u t i n te rna l c o m p a t i b i l i t y 
do f number w i th i n te rna l compa t i b i l i t y 
F i g u r e 10. T h e f i r s t t h r e e e l e m e n t s o f t h e f a m i l y 
w ( e : 
I 
* 
w ( M ) w" ' ( Q ) 
* 
A 
SECTION A ] A 2 
Figure 11. E v a l u a t i o n of the results 
L 
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Results 
As there are three subtriangles in each subelement, there are three groups of shape funct ions as 
well. There are no problems in deflection (w) and its first-order derivatives on the frontier between 
subclements, so that C 1 continuity exists. In the second- and th i rd-order derivatives, tha t represent 
the bending moment and the shear force, there is no continuity. Thus the average of the subelement 
results has been made (Figure 11). 
The element stiffness matr ix has been used as well in order to obtain the results. The accuracy is 
improved, especially in the shear force. 
N U M E R I C A L R E S U L T S 
Numerical results 
The elements of this family have been applied to numerous cases in order to know their 
performance in relation to several variables: influence of the load type, b o u n d a r y condit ions, 
skewness of the elements, relation between the lengths of the sides and mesh pat terns. 
Loading and boundary conditions. As an example a typical case is tested: a square plate of side a 
with Poisson's rat io equal to 0-3. Two cases arc presented: a built-in plate a long the b o u n d a r y 
with a uniform load of intensity q (Table III), and a plate, suppor ted simply by its corners under 
a point load P at the centre (Table IV). 
Skewness. In order to check the per formance of these elements with irregular geometry for the 
analysis of skew plates under uniform loading with two of the opposi te edges simply suppor ted and 
the other two free, three different kinds of examples have been examined. In order to avoid a large 
computa t iona l effort the exper imentat ion was carried out with only four elements and poly-
T a b l e III . S q u a r e plate: b o u n d a r y bui l t - in 
Mesh type: 
a: side length 
q: u n i f o r m load intensi ty 
v: 0 3 (Po i s son ' s ra t io) 
vv: cen t r e def lec t ion 
iIf: c en t r e m o m e n t 
A / , , M , : cen t r e side m o m e n t s 
Q: m i d d l e s ide s h e a r 
R: m i d d l e s ide K i r c h h o f f r eac t ions 
D O F 1 : to ta l n u m b e r of d.o.f. 
D O F 2 : n u m b e r of ac t ive d.o.f. 
N D E G : p o l y n o m i a l deg ree 
A A A A A A A A 
N D E G D O F I D O F 2 
3 
4 
5 
6 
7 
E x a c t 1 6 
Coeff ic ient 
17 
27 
37 
6 
10 
0 0 0 0 5 4 2 2 
0-0012921 
0 0 0 1 2 6 5 
47 
57 
14 
18 
0 0 0 1 2 6 3 
0001266 
0-00126 
qa4!D 
M 
0-01480 
0-03343 
0-02466 
0-02056 
0-02410 
0-0231 
qa1 
M, 
0-003904 
0-01123 
0-01511 
0-01547 
0-01546 
0 0 1 5 4 0 
qa2 
M2 
-0-01301 
0-03744 
- 0-05038 
-0-05156 
0-05152 
- 0 0 5 1 3 
qa2 
Q K 
0-05205 0-04750 
0-2221 
0-4319 
0-4515 
0-4545 
0-4405 1 
qa 
0-2302 
0-4540 
0-4714 
0-4672 
0-44031 
qa 
T a b l e IV. S q u a r e p la te : s imply s u p p o r t e d c o r n e r s M e s h type: 
a: s ide length 
P: c en t r e p o i n t l oad in tens i ty 
v: 0-3 ( P o i s s o n ' s ra t io) 
vv: cen t r e def lec t ion 
w,: cen t r e side def lec t ion 
M: cen t r e m o m e n t 
Rc: c o r n e r r e a c t i o n 
D O F 1 : to ta l n u m b e r of d.o.f. 
D O F 2 : n u m b e r of ac t ive d.o.f 
N D E G : p o l y n o m i a l deg ree 
N D E G D O F 1 D O F 2 
3 17 11 
4 27 19 
5 37 28 7 
6 47 35 
7 57 43 
Exact S A P 4 L C C T 9 
Coeff ic ient 
0-03765 
0-03891 
0-03907 
0-03911 
0-03912 
0-0390 
Pa2 ID 
0-02282 
0-02286 
0-02291 
0-02291 
0-02291 
0-02284 
Pa2 ID 
M 
0-02569 
0-2067 
0-2009 
0-2038 
0-2017 
0 -16217 1 ' 
P/a 
K, 
0-13612 
0-2658 
0-2100 
0-2540 
0-2260 
0-2430 1 
P/a 
Mesh type: 
h: simply suppor t ed side 
c: free side 
h, c: sides lengths 
q: un i form load intensity 
Tab le V. Skew plate 
v: 0-3 (Poisson 's ratio) 
\v: centre deflection 
M\ centre m o m e n t 
D O F 1 : total n u m b e r of d.o.f. 
D O F 2 : n u m b e r of active d.o.f. 
N D E G : polynomia l degree. 
b = 
a = 30 
c = 
I-5a 
l-9245« 
a = 45 
h= 1-4 hi 
c = 2 a 
a = 60 
b = 2a 
c = 2a 
N D E G D O F 1 D O F 2 vv M vv M vv M 
3 43 31 0-1045 0-46850 0 0 6 6 4 2 0-29507 0-01487 0-12848 
4 75 59 0-1052 0-46789 0-06935 0-31064 0-01742 0-16652 
Exact 1 8 0-1183 0-368 0-07080 0-291 0 0 1 8 6 0 0 1 6 6 0 
Coefficient qa*/D qa2 qa4/D 2 qa qa4'/!) qa 
nomials of degree no higher than the fourth. The accuracy obta ined in the results can only 
indicate the tendency. The results are shown in Table V. 
Different side relationships. The influence of the rat io between the lengths of the sides is shown in 
Table VI for a simply suppor ted rectangular plate with uniform load. 
Mesh dependence. The impor tance of the type of mesh pa t te rn is depicted in Figure 12 for a 
square built-in plate under uniform loading. The best results are obtained f rom the C mesh type, 
especially 1 C and 2CE. Similar results could be shown for a simply suppor ted square plate under 
point loading. In any case the m o n o t o n o u s convergence is ensured because the elements are C 1 . 
Comparative study with other elements 
In order to assess not only the speed of convergence of this family of the elements but its 
possible computa t iona l efficiency as well, a compara t ive study with other elements is carried 
out. The compara t ive variable is the number of d.o.f; however it does not represent the total 
computa t ional effort, because in high-order polynomials the generat ion of the stiffness matr ix 
demands considerable computer time. 
The results are depicted in Figures 13 and 14. They are related only to bending moment and 
central deflection. The results for the shear force are not normally published since their error 
rate is usually fairly high. However the results obta ined with this family are qui te accura te even 
for the shear force. 
Table VI. Rectangular plate: boundary simply supported 
3 43 24 0-007594 0-07633 0-04223 0-2293 0-1485 0-2808 0-2419 
1-5 
4 75 48 0-007724 0-08101 0-04989 0-4485 0-3477 0-5196 0-4764 
Exact19 0-00772 0-0812 0-0498 0-424 0-363 0-486 0-480 
3 43 24 0-009996 0-09480 0-03940 0-2841 0-1295 0-3200 0-2268 
2-0 
4 75 48 0-01013 01016 0-04651 0-4990 0-3249 0-5426 0-4666 
Exact19 0-01013 0-1017 0-0464 0-465 0-370 0-503 0-496 
3 43 24 0-01221 0-1163 0-03757 0-3519 0-1006 0-3681 0-1852 
3-0 
4 75 48 0-01223 01189 0-04071 0-5346 0-2618 0-5469 0-4083 
Exact19 0-01223 0-1189 0-0406 0-493 0-372 0-505 0-498 
Coefficients qa^/D qa2 qa2 qa qa qa qa 
w = def lect ion 
M = bending moment 
0 = shear fo rce 
w(0 4 0 % ) 
M (3 7 7 % ) 
Q(-18%) 
2 
1 R 1 C 
w ( 0 - 4 0 % ) 
M(-1 00%) 
Q(-198%) 
w(0 3 2 % ) 
M ( 3 T 7 % ) 
0(5'20%) VI Z ' 
s v / v " > 6 
II / IV / 
/ 1 / " ' • 
w ( 0 4 0 % ) 
M ( 3 7 7 % ) 
Q(-18%) 
3 
2 RE 
w (0 4 0 % ) 7 
M(-2 60%) 
Q ( - 1 7 % 4 
2 CS 
t 
w ( 0 32 % ) 
M(-1 82%) 
Q ( 3 - 8 1 % ) 
Figure 12. Mesh types 
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Kirchoff force 6 2 % 
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•T1 (Diazdel Valle and Samartin) 
,20 
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Dof number 
F i g u r e 1.1 B e n d i n g m o m e n t e r r o r (per ccn t ) v e r s u s n u m b e r of d.o.f. for a bu i l t - in s q u a r e p l a t e u n d e r u n i f o r m l o a d 
/ Deflection 0 1 7 % / 
/ 
' Corner force 0 3 3 % 
10 
D " 1 0 
- 2 0 
ES7 (Family N = 7 ) 
T1 (Diaz del Valle and Samartin)1 ' 
20 
1=1 m e n W (Wegmuller) 
ACM (Adini, Clough) 
M (Melosh)2 ' 
22 
P (Pappenfus) 
B (Bogner, Fox and Schmit) 
200 
i 
3 0 0 4 0 0 500 
.42. 
Dof number 
F i g u r e 14. C e n t r a l de f l ec t ion e r r o r (per cen t ) ve r sus n u m b e r of d.o.f. for t h e s i m p l y s u p p o r t e d s q u a r e p l a t e u n d e r 
p o i n t - l o a d i n g at t h e c e n t r e 
A P P L I C A T I O N S A N D C O N C L U S I O N S 
With this family it is possible to reach convergence in two different ways, first by refinement of the 
mesh (/z-convergcncc) as in any other ease, and secondly by an increase in the order of the 
interpolat ion polynomial in the element (/^-convergence). It has been shown above that the latter 
seems to be more efficient. This holds part icularly if the elements are equally repeated th roughou t 
the domain , because the effort to obtain its stiffness matr ices is drastically reduced if they are 
computed only once. 
In compar ison with hyperelements, this family has the advan tage that the sharp j u m p s in elastic 
or thickness characteristics can be easily considered. However the accuracy in the results, which 
imply higher derivatives, is better in hyperelements because they are the d.o.f Even though it is 
possible to have the dual results (high order derivatives) of the d.o.f. by using the stiffness matrix. 
The results have been obtained with polynomials between the third and seventh degrees and 
using numerical integrat ion. It has been observed that high order derivatives present a great 
sensitivity and numerical noise may appear . 
It is also very easy to use this family in shells as the high order derivatives have direct 
compatibil i ty.1 1 
P O S S I B L E E X T E N S I O N S 
Some practical tables for special boundary condit ions, changing of thickness, and elastic cons tants 
are to be made with the use of these elements. 
The intersubelcment continui ty achieved is C 1 . The possible max imum is still open to s tudy . 2 4 
The analysis of the influence of the choice of d.o.f. to be eliminated at the centre node in order to 
obtain the internal continui ty is to be carried out. 
The noise produced in high order derivatives is to be assessed, especially for the matrix 
conditioning. 
The results for the variables that are not d.o.f. can be obta ined (a) by using shape funct ions at the 
point, (b) by using the shape funct ions and their values at the integrat ion points, (c) by means of the 
stiffness matrix for the dual variables of the d.o.f. A compar i son between these three me thods would 
be of great interest.9 Some results of the third me thod have shown a very good accuracy. 
The extension to curved compact suppor t s would be very useful for the case of irregular 
boundaries. 
The extensive numerical exper imenta t ion has been carried out only with polynomials of degree 
less than seven because the integrat ion tables for triangles are not available for higher degrees. The 
extension of these tables to higher degree polynomials would be very interesting. 
The use of several kinds of elements within the family can relieve some computa t iona l effort. Low 
degree elements can be used near the boundary , normal ly in large numbers in order to model the 
geometry, and only a few high degree elements are usually required in the central area of the plate. 
Obviously the hierarchic family should include t ransi t ional elements. These can be obta ined 
either directly or f rom a normal element by reduct ion of the order a long some sides of the element. 
In order to allow the s imul taneous use of elements of different orders, the in t roduct ion of a 
general nomencla ture in the hierarchic families may be useful. 
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A P P E N D I X 
Triangles formulation 
The values shown in Figure 15, considering cyclic permuta t ion (i = 1,2, 3, j = 2, 3,1, k = 3 ,1 ,2 , ) , 
are as follows 
a, a, 
Figure 15. T r i ang le p a r a m e t e r s 
at = Xk - X j 
hi = y:, - yk 
with 
i «,= i bt=o 
w, = - (iij + ak) 
b, = - (bj + bk) 
, • n , , aiak + bibk a, = ak sin Of + bk cos = — 
^i 
e, = at sin 0t + bt cos 0i = v (af + b f ) 
j j p 
i 
• „ a i b i — b i a i Hj = ak cos 0i — bk sin W, = — • 
ei 
u n u n " A - M * — H, -— a,-cos 0, — fr.sin (/.• = 
j J p c i 
where 
di +./; + e(- = 0 
The triangle area and intrinsic co-cordinates are (for i— 1,2,3) 
2A = ti;bk — b;ak = - (a ;/) ; — fj.c/y) 
A = - -
i> • 
A r e a 1 2 3 
U = 
A r e a P 3 1 
A r e a 1 2 3 
A r e a P 1 2 
^ H 3 
A r e a 1 2 3 
Figure 16. T r i a n g u l a r co -o rd ina t e s 
, . d, 
jU, = 1 — A; 
e. 
The relat ionship between the t r iangular and Cartes ian co-ordinate systems (Figure 16) is as 
follows: 
w i ~2A23 bl 
Li = 2 A 
2A31 b2 
2-^12 b3 
where 
- T . = V , R . - A , V, 
and the inverse t r ans format ion is 
1 " i i r 
X = X, X2 A, 
.V _ . >'i y2 y3_ 
The relationship between general and side Car tes ian co-ordinates (Figure 17) is 
"i 
x 
V 
+ hi aI 
hi - Hi 
U: b, 
X 
y --J 
n; X: 
Vi 
Following Figure 18, side Car tes ian co-ordinates and t r iangular co-ordinates are related by 
~>h~ 
Si 
1 
_ 
H, 
d, 
r l i 1 t'j i 
Lk di = 2 A 
J i 
0 
1 
0 0 
H i 0 
- Hi 2A 
Li 
U 
L: 
Figu re 17. Side Car t e s i an c o - o r d i n a t e s 
The intereo-ordinate derivatives are 
vl, SLt <7, 
rx 2 / 1 ' dy _ 2A 
dLi dL, 
= 0 
2 A' 7) S , 
' J ; >: < / . : II: 
drij 2A' dSj 2 I 
* = cl± dLk = / / , 
("'M; 2/1 ' ('.Vj 2A 
The parameters and t r iangular co-ordinates of subelements and the complete element are 
related as follows (Figure 19, in which centre number 3 is the baricentre): 
a'/' = - a f = xk = - Xi + cij 
= - a\k> = + Xj = xt + ak 
af = tf ; 
h<?=-b<>> = yk = yi + bj 
b f = - b r = - y j = - y i + bk 
bf = b< 
As the node 3 of each subelement is the baricentre: 
x , + x 2 + x3 = 0 
>'l + > ' 2 + ^ 3 = 0 
Thus we have: 
... a, —a,- b: — b; 
rM) _ a k ~ a i , (i) b i 
3 ' ' 3 
= a,-, ft^fe; 
and for the t r iangular co-ordinates (Figure 20) 
= 3L,, 
3 
r (0 - 1 _ 3 / + L ' _ i - 1 | i l i a i / o> Lj - 2 2 L t + 2 r L j - 2 6 + 2 L J 2 L k 
1 ^ I J I f w 
L"> = 2 2L' 2 + 2' = t + W - ^ 
Expression of a polynomial and its derivatives 
polynomial. If S(N) = N(N + l)/2 
S(N+ 1) 
p(L1,L2,L3)= X I °<-NnLNn 
i.j.k = 0 u = 1 
i + j + k=N 
where 
i = i(N,n), j = j{N,n), k = k(N,n) 
Natural derivatives. 
d x + P + YP S ( J V + D JI J I kl 
P m = dT^dLfdlJj = „ ? , a / V " 1/ » ! ( T 1 ! ) ! C ^ 1 y)! 
it is a p roduc t 
S< (V+l) /! j! M 
/ / 
/ / 
/ / 
/ s 
/ 
/ A \ 
/ ^ ^ 
3 \ 
\ 
X 
\ 
where 
LNn.niiy = 0 if ' < « or j < [i or k < y 
a = a (m), [1 = y = y(m) 
General Cartesian derivatives. 
d'+kp f 1 ] " ( 1 ]"< 
^ = = ] 2 7 ( / , | / ' J " + + ^P.iJ j j ? | ' " : / > ' + > + I 
with 
/ = /(m), k = k(m) 
f 1 k.S'u + 1).V(* + 1) 
p = [ y y 4 b - < P _ ,m \2AJ M 
with 
. / i l ^ W 
kl 
B k " ~ M 
a n d 
k1=kl(k,fi), k2 = k2(k, /(), k3 = k3(k,[i) 
Local Cartesian derivatives. 
, <" + k P f 1 , V 
X { 2 / 1 ( - h i l P - L ' + + 
with 
j=j{m), k = k(m) 
(/,-,• = 0, alj=—Hi, aih = Hi and ( 0 n = l ) 
and / is the number of side. 
/ I \ j + k S ( . / + l ) S ( k + 1 ) r j + ' n 
o' = I — I Y Y / F ' B ' 
lm \2A) M M Jv k"dLi'+k'(lLf + k2(lLr 
with 
J1 ,/2 \ /3 
and 
B[ 
3 ( h j 
Figure 21. Thickncsscs 
kl 
kfi k |! /<2! k3! T , A b n t M ^ h u f * 
2 ( h ) 
./1 =./((./, >'), j2 = / 2 ( . / , V ) , = / , ( / , I ' ) 
fc, =/c,(A:,//), k2 = k2(k,n), k3 = k3(k,n) 
Thickness 
The variation of (hiekness can be modelled as follows (Figure 21): 
, i _Ll_ >h + h 2 + h = h { l \ , l = 
In the subelement number /: 
h{i)(L}\, L2\ L f ) = hUp + hjLf + hk L(j] 
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